Abstract. For n 2, the boolean quadric polytope P n is the convex hull in d := ? n+1 2 dimensions of the binary solutions of x i x j = y ij , for all i < j in N := f1; 2; :::; ng. The polytope is naturally modeled by a somewhat larger polytope; namely, Q n the solution set of y ij x i , y ij x j , x i + x j 1 + y ij , y ij 0, for all i; j in N. In a rst step toward seeing how well Q n approximates P n , we establish that the d-dimensional volume of Q n is 2 2n?d n!=(2n)!. Using a well-known connection between P n and the \cut polytope" of a complete graph on n + 1 vertices, we also establish the volume of a relaxation of this cut polytope.
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1. Introduction. A natural approach to the unconstrained, quadratic-objective, binary program in n ( 2) (2) subject to y ij x i 8 i < j 2 N; (3) y ij x j 8 i < j 2 N; (4) y ij 0 8 i < j 2 N; (5) x i + x j 1 + y ij 8 i < j 2 N; (6) x i 2 f0; 1g 8 i 2 N; (7) y ij 2 f0; 1g 8 i < j 2 N: (8) The boolean quadric polytope P n is the convex hull (in real d := ? n+1 2 space) of the set of solutions of (3) (4) (5) (6) (7) (8) . As the problem of solving (2-8) is NP-Hard, it is natural to consider branch-and-cut methods based on (2-6). The relaxed feasible region (3-6) is denoted by Q n . Padberg (1989) has made a detailed study of P n and Q n (also see Deza, Laurent and Poljak (1993), and Pitowsky (1991)).
It is natural to consider how good of an approximation Q n is to P n . The Chv atalGomory rank (see Schrijver (1986) and Chv atal, Cook and Hartman (1989)) of P n with respect to Q n increases with n, so in a certain combinatorial sense, Q n is a poor approximation of P n . In a di erent combinatorial sense Q n is quite close to P n ; that is, the 1-skeleton of P n is a subset of the 1-skeleton of Q n (the so-called Trubin Property) (see Padberg) . Another method has been proposed to study the closeness of pairs of nested polytopes, based on the volumes of the polytopes. Lee and Morris (1994) cases of sets of polytope pairs, d may increase more slowly than this upper bound, in other situations the bound is sharp (see Lee and Morris). In Section 2, as a step toward determining the asymptotic behavior of d (Q n ; P n ), we calculate vol d (Q n ).
There is a well-known connection between P n and the \cut polytope" of a complete graph on n + 1 vertices. In Section 3, we determine the volume of a natural relaxation of this cut polytope.
2. The Volume of a Relaxed Boolean-Quadric Polytope. Let Let (S n ; ) denote the poset (partially ordered set) on S n := fx i : 1 i ng fy ij : 1 i < j ng having y ij x i and y ij x j . Let e(S n ; ) denote the number of (linear) extensions of (S n ; ), i.e., the number of order-preserving bijections from S n to D := f1; 2; :::; dg, where the order on D is the usual one. Proof: We regard extensions of (S n ; ) as permutations of the set S n . That is, given a bijection : S n ! D, we represent by the permutation ?1 (d) ?1 (d ? 1) ?1 (1) .
De ne an ordered extension of (S n ; ) to be an extension of (S n ; ) such that x i appears to the left of x k , for 1 i < k n. That is, we regard an ordered extension of (S n ; ) as 1 The map i is called a \switching" and is a standard tool in the analysis of the \cut polytope"(see Deza and Laurent (1992) and Pitowsky (1991) ). a permutation of S n in which x i appears to the left of x k , and y ik appears to the right of both x i and x k , for 1 i < k n. Clearly the number of extensions equals n! times the number of ordered extensions.
Next, we proceed to count the number of ordered extensions of (S n ; ). Suppose that fy il : k + 1 l ng have already been positioned, for some xed i < k + 1. We see, now, how to place fy lk : 1 l k ? 1g. The element y 1k should be placed to the right of x k . As there are already f k := n ? k + 1 + . Let the cut polytope of G be the convex hull of the incidence vectors of cuts of G. For the complete graph K n+1 , we denote the cut polytope by C n+1 . We immediately notice that P n and C n+1 both have dimension d = 
